A semiring can be "completed" (i.e., embedded into a semiring in which all infinite sums are defined and satisfy some reasonable properties) iff this semiring can be naturally partially ordered. This construction is "natural" (a left adjoint to the forgetful functor), and quite straightforward.
Definitions and easy facts Definition 1. A semiring is a structure (S, +, ·, 0, 1) such that (S, +, 0) is a commutative monoid, (S, ·, 1) is a monoid, and the two distributive laws x · (y + z) = x · y + x · z, (y + z) · x = y · x + z · x hold.
Definition 2.
A complete semiring (S, +, ·, 0, 1, Σ) is a semiring in which for any family (a i : i ∈ I) the infinite sum i∈I a i is defined, and the function satisfies the following:
• If I = {j, j ′ } has two elements, then i∈I a i = a j + a j ′
• If f : I → J is a bijection, and a i = b f (i) for all i ∈ I, then i∈I a i = j∈J b j
• Whenever I = k∈K J k is a disjoint union of sets, and b k := j∈J k a j for all k ∈ K, then i∈I a i = k∈K b k .
•
Remark 3. If S is a complete semiring, then there are cardinal numbers λ 1 (the "characteristic cardinality" of S, similar to the characteristic of a field) and λ S ≤ max(λ 1 , cardinality of S) such that
• For any set I there is a subset J ⊆ I of cardinality ≤ λ 1 such that i∈I 1 = i∈J 1
• For any set I there is a subset J ⊆ I of cardinality ≤ λ S such that i∈I a i = i∈J a i This makes it possible to view the function as a set rather than a proper class. I never published my thesis, but some people have expressed an interest in seeing it, and references to it appear in a few published papers or books ( [2] , [6] , [5] , [8] , [1] In [6] , the notion of ω-continuity was developed, which is a variant of d-completeness.
Definition 5. An "ordered semiring" is a semiring with a partial order ≤ such that the operations + and · are weakly monotone in both arguments, and 0 is the least element. In particular, this implies a ≤ a + x for all a, x.
On every semiring (or even any monoid) we can define a transitive reflexive relation ≤ by
This relation is a quasiorder, called the "natural quasiorder" on (S, +). 1. There exists an ordered semiring T such that S is isomorphic to a subsemiring of T .
"S can be ordered", i.e.: there exists a partial order on S making S into an ordered semiring.

The natural quasiorder is antisymmetric (i.e., a partial order).
4. For all a, x, y ∈ S: ( a + x + y = a implies a + x = a). Proof. Let S * be the free (multiplicative) monoid over S (consisting of all formal words with letters in the alphabet S, including the empty word), and let N S * be the set of formal polynomials over the alphabet S with coefficients in N (i.e., maps from S * into N which are 0 except on a finite set), with pointwise addition, and multiplication defined by the Cauchy product.
Let N (∞) := {0, 1, 2, . . . , ∞}, and let N (∞) S * be the set of formal power series over the alphabet S with coefficients in N (∞) (i.e., the set of all functions from S * to N (∞) , again with addition defined pointwise, and the Cauchy product.
N S * is a semiring. As as set (but not as a semiring), S is naturally embedded in N S * through a map e : S → N S * . There is a natural semiring homomorphism (the "evaluation map") ϕ : N S * → S, satisfying ϕ(e(s)) = s for all s ∈ S. N (∞) S * is a finitary complete semiring (with the natural order), and N S * is to a subsemiring of N (∞) S * . We will findS as a homomorphic image of
Now check that the relation r ∼ s :⇔ r s & s r is a congruence relation on the semiring N (∞) S * . Moreover, this congruence relation also respects infinite sums, sō
is a complete semiring. Clearly S is embedded inS as an ordered semiring. It is easy to see thatS is actually a complete finitary semiring.
For the "moreover" part: note that a partially ordered semiring can be made into a complete finitary semiring in at most one way. This fact helps to show that the construction S →S is universal.
Corollary 10. Let (S, +, ·, 0, 1) be a semiring. The following are equivalent:
1. S can be ordered.
S is a subsemiring of some d-complete semiring.
3. S is a subsemiring of some complete finitary semiring.
My thesis contained also the following remark: (1) ⇒ (2): Adjoin an element ∞, and declare i∈I a i = ∞ iff the set {i : a i = 0} is infinite, or if for some i we have a i = ∞.
However, it is not clear that this completion will satisfy the infinite distributivity law. 2. Let S be the semiring of finite subsets of some set X, together with X itself, with addition=union, multiplication=intersection. ThenS is the full powerset of X.
3. Let S be the set of finite formal languages L ⊆ Σ * over an alphabet Σ, with
ThenS is the set of all formal languages over Σ * .
4. Example of a complete but not d-complete semiring: {0, finite, infinite}, with the obvious operations. The following example shows that the restriction to finitary semirings in theorem 9 is reasonable.
Example 13. There is no embedding f from N into a complete semiring N such that For all complete semirings C and all semiring embeddings g : N → C there is a complete semiring embedding h : N → C with h • f = g.
Proof. Use C with a large characteristic cardinality.
